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Abstract. Support for interactions of spin- 3
2
particles is implemented in the FeynRules and ALOHA
packages and tested with the MadGraph 5 and CalcHEP event generators in the context of three
phenomenological applications. In the first, we implement a spin- 3
2
Majorana gravitino field, as in local
supersymmetric models, and study gravitino and gluino pair-production. In the second, a spin- 3
2
Dirac top-
quark excitation, inspired from compositness models, is implemented. We then investigate both top-quark
excitation and top-quark pair-production. In the third, a general effective operator for a spin- 3
2
Dirac quark
excitation is implemented, followed by a calculation of the angular distribution of the s-channel production
mechanism.
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1 Introduction
The recent discovery of the Higgs boson [1,2] has greatly re-
inforced our expectation to find physics beyond the Standard
Model (BSM) at the Large Hadron Collider (LHC). For the
first time, we have discovered a particle in Nature which is in-
trinsically unstable with respect to quantum corrections and
either requires unnaturally extreme fine-tuning or stabilization
from a new sector of physics which will emerge at scales we will
soon probe. Although we do not yet know which BSM theory
will be the correct description of Nature, our current models
often predict the presence of a spin- 3
2
particle. For example, in
models of supergravity [3–11], the graviton is accompanied by a
spin- 3
2
gravitino superpartner. As another example, in models
of compositeness, the top-quark has an associated spin- 3
2
res-
onance [12–22]. On different footings, if a spin- 3
2
particle were
discovered at the LHC, until the full picture was complete,
an effective operator approach would be appropriate for de-
termining its properties. Because there are many models that
Nature could choose for the description of a spin- 3
2
particle,
it is essential that we simulate and analyze the signatures of
these particles from as wide a class of models as possible, in
preparation for the day we find it at an experiment.
There is an assortment of well-established Monte-Carlo pac-
kages used for simulating the collisions of high energy physics,
each with its own strengths. Among these are CalcHEP [23–
26], MadGraph [27–31], Sherpa [32,33], and Whizard [34,
35] at parton level which are often followed by Pythia [36,
37], Sherpa, or Herwig [38,39] for radiation and hadroniza-
tion. Historically, these packages only supported the Standard
Model (SM) and a very small subset of the models BSM. Un-
til recently, spin- 3
2
particles were not supported at all [26,
40,41]. The difficulty was that each model had to be imple-
mented directly into the code of the respective Monte-Carlo
packages. This process required: first, an intimate knowledge
of the Monte-Carlo package code; second, the hand-coding of
thousands of lines of code for the Feynman rules and the pa-
rameter’s dependence; and third, a long and tedious process of
debugging. Fortunately, the status of implementing new mod-
els into these simulation packages has recently and dramat-
ically improved. The first of these improvements is that the
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parton-level matrix element generators have begun to estab-
lish more general model input formats that require less inti-
mate knowledge of their internal code. The second improve-
ment is the presence of packages that allow the user to enter
the Lagrangian of their model rather than the individual ver-
tices. These packages then calculate the Feynman rules from
the Lagrangian and export the model to the supported Monte-
Carlo package of choice. The first of these packages was Lan-
HEP [42–46] followed more recently by FeynRules [47–52]
and SARAH [53,54].
Although the status for implementing new models into
Monte-Carlo packages has greatly improved, the situation for
spin- 3
2
has still been lacking. The purpose of this paper is to
report the implementation of support for spin- 3
2
particles in
FeynRules, in its CalcHEP export interface, in its Univer-
sal FeynRules Output (UFO) export interface, in the UFO
format [55], in the Automatic Libraries Of Helicity Amplitude
(ALOHA) package [56] and in MadGraph 5. We further use
this chain of packages to implement the gravitino of supergrav-
ity together with its interactions and a model inspired by quark
and lepton compositeness involving a spin- 3
2
quark excitation.
These implementations are then employed for reproducing sev-
eral physics results of earlier studies.
This paper is organized as follows: Section 2 gives a brief
introduction to spin- 3
2
fields. Section 3 describes the implemen-
tation of spin- 3
2
fields in FeynRules, UFO, ALOHA, Mad-
Graph 5 and CalcHEP. Section 4 presents the phenomeno-
logical applications of these implementations for their valida-
tion. Section 5 summarizes our results. We collect our con-
ventions on Pauli and Dirac matrices, epsilon tensors, etc., in
Appendix A and include a review of spin, together with a de-
tailed discussion of field polarization vectors and propagators,
in Appendix B. Helicity amplitudes associated with gravitino
pair-production, relevant for the discussion of Section 4.1.1, are
given in Appendix C.
2 Spin-3
2
fermion fields
The first relativistic description of spin- 3
2
fermions was carried
out by Rarita and Schwinger in 1941 [57]. This was achieved
by introducing a generalized version of the Dirac equation, in
which the spin- 3
2
particles were described by a Dirac spinor
with a Lorentz index, the so-called Rarita-Schwinger field. In
modern notation, the free classical equation of motion for this
field reads
(µνρσγ5γρ∂σ + 2iMγ
µν)Ψν = 0 , (1)
where M is the mass of the spin- 3
2
fermion described by Ψν ,
and the Lorentz generators in the (four-component) spinorial
representation γµν have been defined in Appendix A. In the
language of group theory, the Rarita-Schwinger field belongs to
the direct product of two representations of the Lorentz group:
the vector representation ( 1
2
, 1
2
), which describes objects with
one Lorentz index, and the Dirac representation ( 1
2
, 0)⊕ (0, 1
2
),
which describes a Dirac pair of spin- 1
2
fermions. Altogether,
this direct product contains one Dirac pair of spin- 3
2
fermions
and two Dirac pairs of spin- 1
2
fermions,(
1
2
, 1
2
)⊗ [( 1
2
, 0
)⊕ (0, 1
2
)]
= (2)(
1
2
, 1
)⊕ ( 1
2
, 0
)⊕ (1, 1
2
)⊕ (0, 1
2
)
.
We observe that there is an ordinary Dirac spinor ( 1
2
, 0)⊕(0, 1
2
)
in this direct product. This piece can be identified with γνΨν ,
which transforms as a Dirac spinor, and can thus be removed
by requiring that γνΨν = 0. Furthermore, the (
1
2
, 1) ⊕ (1, 1
2
)
piece is reducible under the little group and contains a pair of
spin- 1
2
fermions in addition to the pair of spin- 3
2
fermions that
we are after. This last pair of spin- 1
2
fermions can be identified
with ∂νΨν , which again transforms as a Dirac spinor. This
piece can be removed by requiring ∂νΨν = 0. Both of these
equations, as well as the Dirac equation, are a result of the
free classical equation of motion. That is, Eq. (1) implies
γνΨν = 0 , ∂
νΨν = 0 , (−i/∂ +M)Ψν = 0 . (3)
Consequently, on-shell, the free classical equations of motion
remove the spin- 1
2
fermions so that only the spin- 3
2
fermions
are left. However, since classical equations of motion, as well
as the resulting Eq. (3), only apply on-shell, the two pairs of
spin- 1
2
fermions can be present in the case of off-shell spin- 3
2
fields.
An important example of a (Majorana) spin- 3
2
field is in
supergravity theories where supersymmetry requires the spin-
2 graviton to have a superpartner, the gravitino, with spin 3
2
.
In such models, it is often more convenient to work in a two-
component notation instead of the four-component notation
introduced by Rarita and Schwinger. In this case, the free field
Lagrangian reads
L =1
2
µνρσ(ψµσρ∂σψ¯ν + ∂σψνσρψ¯µ)
+ iM(ψµσ
µνψν + ψ¯µσ¯
µν ψ¯ν) ,
(4)
where, now, ψν (ψ¯ν) represents the left-chiral (right-chiral)
two-component spin- 3
2
field. We recall that our conventions of
the generators of the Lorentz algebra in the (two-component)
spinorial representation are summarized in Appendix A. This
Lagrangian leads to the two-component form of Eq. (3), af-
ter replacing the Dirac matrices by the Pauli matrices and the
Dirac equation by the Weyl equation.
3 Spin-3
2
implementation
3.1 FeynRules
FeynRules [47–52] is a Mathematica package that allows the
user to compute Feynman rules for a model based on quantum
field theory directly from the associated Lagrangian. It can be
used for any model that satisfies locality as well as Lorentz
and gauge invariance. More precisely, a necessary condition
for FeynRules to work correctly is that all indices appearing
in the Lagrangian are contracted. Moreover, no assumption
is made on the dimensionality of the operators that appear
inside the Lagrangian. This feature is particularly useful in
the present case, as Lagrangians for spin- 3
2
particles necessarily
involve operators of dimension greater than four.
The output of FeynRules is generic enough to be exported
into any other model format. Translation interfaces hence exist
to convert the Feynman rules computed by FeynRules into
a format readable by various Feynman diagram generators.
Currently such translation interfaces have been developed for
CalcHEP and CompHEP, FeynArts and FormCalc [58–
61], MadGraph 4, Sherpa as well as Whizard and O’Mega.
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In addition, the user has the possibility to output the Feynman
rules in the so-called Universal FeynRules Output (UFO),
a format for the implementation of new physics models into
Feynman diagram generators that is not tied to any specific
matrix element generator [55].
In the rest of this section, we describe how particles of spin-
3
2
can be implemented into FeynRules both in non-supersym-
metric theories as well as in supersymmetric theories. In the
following, we also detail the extension of the UFO (Section 3.2)
and CalcHEP (Section 3.5) interfaces, respectively.
The implementation of spin- 3
2
particles into FeynRules
models follows the same logic as the implementation of all other
particles. We therefore refer to the FeynRules manual [47] for
more details on the declaration of particle classes. One impor-
tant difference with the manual is that it is now possible to
implement both two- and four-component fermions [50]. Four-
component spin- 3
2
fields correspond to the newly introduced
particle class R, while two-component fields are implemented by
declaring instances of the class RW. All the attributes common
to the other particle classes are available for spin- 3
2
fields, to-
gether with the option Chirality for two-component fields so
that one can define both left and right-handed two-component
spin- 3
2
fields. Furthermore, each spin- 3
2
field always carries by
default an index of type Spin (respectively Spin1 and Spin2 for
left-handed and right-handed two-component fields) as well as
an index of type Lorentz. We stress that, when writing down
a Lagrangian involving spin- 3
2
fields, it is mandatory for the
Spin and Lorentz indices to be the first two indices (in this
order) carried by the spin- 3
2
fields.
In supersymmetric theories, spontaneous supersymmetry
breaking predicts the existence of a massless fermion, dubbed
the goldstino. The way this field interacts with the rest of the
particle spectrum can be derived from the conservation of the
supercurrent. The latter is defined by the variation of the model
Lagrangian L under a supersymmetry transformation with a
(Majorana fermionic) parameter (ε, ε¯),
δεL = ∂µKµ = ∂µ
[
∂L
∂
(
∂µX
)δεX] . (5)
We have used Euler-Lagrange equations to simplify the right-
hand side of this equation, and a sum over all fields X of the
theory is implicit. Consequently, the (Majorana fermionic) su-
percurrent (Jµ, J¯µ) is defined by
ε·Jµ + ε¯·J¯µ = ∂L
∂
(
∂µX
)δεX −Kµ . (6)
This is a conserved quantity since ∂µJ
µ = 0 and ∂µJ¯
µ = 0. Fol-
lowing standard superspace techniques, Jµ can be computed
as [62–64]
Jµα =
√
2Dνφ
†
i
(
σν σ¯µψi
)
α
+
√
2i
(
σµψ¯i
)
α
W ?i
+ gφ†Taφ
(
σµλ¯a
)
α
− i
2
(
σρσ¯νσµλ¯a
)
α
vaνρ ,
(7)
where sums over the model gaugino fields λ, two-component
fermions ψ, scalar fields φ and vector bosons vµ (the asso-
ciated field strength tensors being denoted by vµν) are im-
plicitly accounted for. Moreover, we generically denote by Dµ
gauge covariant derivatives, by T a and g representation ma-
trices and the coupling constant of the gauge group and by
W ?i the derivatives of the hermitian conjugate superpotential
W ?i ≡ ∂W ?(φ†)/∂φ†i .
The supercurrent can be calculated in FeynRules by is-
suing, in a Mathematica session,
SuperCurrent[lv,lc,lw,sp,mu]
where the variables lv, lc and lw are connected to the differ-
ent pieces of the supersymmetric Lagrangian Lv, Lc and Lw
defined below, and sp and mu are spin and Lorentz indices, re-
spectively. The three Lagrangians above must be given as full
series expansions in terms of the Grassmann variables and read
Lv = 1
16g2
[
W aαWaα + W¯
a
α˙W¯
α˙
a
]
,
Lc = Φ†e−2gV Φ ,
Lw = W (Φ) ,
(8)
where sums over the whole chiral (Φ) and vector (V ) super-
field content of the model are again understood. In these ex-
pressions, we have also introduced the superpotential W (Φ)
and the superfield strength tensors Wα and W¯α˙. These three
superfields can be automatically obtained in FeynRules by
issuing
lc = GrassmannExpand[ CSFKineticTerms[] ];
lv = GrassmannExpand[ VSFKineticTerms[] ];
lw = GrassmannExpand[ SPot+HC[SPot] ];
where the superpotential SPot is the only quantity to be pro-
vided by the user, in addition to all the model (super)field
declarations. We refer to Ref. [50] for more information.
Once extracted, the supercurrent can be further employed
in the construction of effective Lagrangians for the goldstino
and gravitino fields [65,66]. In this context, one or several of
the auxiliary fields of the supersymmetric model under consid-
eration acquire vacuum expectation values. Supercurrent con-
servation is then understood as the equations of motion for
the goldstino field. More explicitly, we take the example of a
chiral supermultiplet (φ1, ψ1, F1) whose auxiliary field F1 gets
a vacuum expectation value v1/
√
2. Supercurrent conservation
then leads to
0 = ∂µJ
µ = iv1(σ
µ∂µψ¯1)α + ∂µJ˜
µ
α , (9)
after having shifted the field F1 by its vacuum expectation
value, the quantity J˜ containing all the other contributions
to the supercurrent. Considering Eq. (9) as the equations of
motion for the goldstino field identified here as ψ1, one deduces
the corresponding Lagrangian
Lψ1 =
i
2
(
ψ1σ
µ∂µψ¯1 − ∂µψ1σµψ¯1
)
+
1
2v1
[
ψ1 ·∂µJ˜µ + ψ¯1 ·∂µ ¯˜Jµ
]
.
(10)
Once the goldstino has been eaten by the gravitino, the
latter becomes massive and the Lagrangian can be rewritten
in terms of the (two-component) spin- 3
2
gravitino field ψG,
LG = 1
2
µνρσ(ψGµσρ∂σψ¯Gν + ∂σψGνσρψ¯Gµ)
+N
[
ψGµ ·Jµ + ψ¯Gµ ·J¯µ
]
.
(11)
where we have replaced the vacuum expectation value v1 by
the generic normalization constant N . In general, the latter is
expressed in terms of the supersymmetry-breaking scale and
the gravitino mass. Both Lagrangians derived above can sub-
sequently be implemented in FeynRules by making use of
standard techniques.
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3.2 UFO
The UFO format [55] is, by construction, completely agnostic
of the model and the associated interactions. In particular,
the format does not make any a priori assumptions about the
color and/or Lorentz structures that appear inside the vertices.
Therefore, higher-dimensional operators can be implemented
in the same way as renormalizable operators.
On the other hand, the UFO format was implicitly assum-
ing a particular convention for propagators. As explained in
Appendix B.3, the propagator for spin- 3
2
is not unique and
more than one expression are commonly used in the literature.
The same is true for the massless propagator which depends
on the gauge fixing term [67]. We therefore extend the UFO
format in order to support model specific propagators.
Starting from the original UFO format, we include one ad-
ditional file propagators.py that contains definitions for prop-
agators. These should be instances of the Propagator class
which follows the usual conventions as for other UFO objects.
It has two mandatory and one optional arguments:
– name [mandatory]: a short tag for identifying the propaga-
tor expression;
– numerator [mandatory]: an analytical expression of the nu-
merator of the propagator provided following the conven-
tions of the UFO/ALOHA format for Dirac matrices, four-
momenta, etc.;
– denominator [optional]: an analytical expression of the de-
nominator of the propagator provided in the conventions
of the UFO/ALOHA format for Dirac matrices, four-mo-
menta, etc. If this is not provided, the Feynman propagator
denominator (p2 −M2 + iMΓ ) is employed for a particle
of mass M and with a four-momentum pµ.
The non-contracted indices of the numerator should be “1”
and “2” (and “51” and “52” for spin-2). In the presence of a
flow, the index “1” of the analytical expression will be con-
tracted with outgoing particles, while the index 2 will be con-
tracted with incoming particles. If an expression requires the
index of a particle, e.g., the momentum, the index should be
id. For example, the propagators associated with a massless
vector field and with a massless spin- 3
2
fields,
∆1,µν(p) =
1
p2 + i
[
− ηµν
]
,
∆3/2,µν(p) =
1
p2 + i
[
− γµ/pγν
]
,
(12)
can be implemented as1
V0 = Propagator(name = "V0",
numerator = "-1 * Metric(1, 2)",
denominator = "P(-1, id)**2")
R0 = Propagator(name = "R0",
numerator = "-1 * Gamma(1, 1,-1) * \
PSlash(-1,-2, id) * Gamma(2,-2, 2)")
1 For the sake of the example, we have included the definition
of the denominator in the V0 implementation. This is however
not necessary as this consists of the standard Feynman propa-
gator for a massless particle.
Furthermore, the Particle class has been supplemented
by a new optional attribute which refers to the propagator to
associate with each instance of the class. Hence, the propagator
to employ can be referred to by its name as implemented in the
file propagators.py. For example, a massless spin- 3
2
particle
with a custom propagator as given in Eq. (12) would be defined
by2
grv0 = Particle(pdg_code = 1000039,
name = ’grv0’,
antiname = ’grv0’,
spin = 4,
color = 1,
mass = Param.ZERO,
width = Param.ZERO,
propagator = propagators.R0
texname = ’grv’,
antitexname = ’grv’,
charge = 0,
GhostNumber = 0,
Y = 0)
If the attribute propagator is not present, the default prop-
agator is employed. In the case of massless spin- 3
2
fields, it is
given as in the second line of Eq. (12). In the massive case,
we refer to Eq. (98) for the propagator numerator while the
denominator consists of Feynman propagator denominator.
3.3 ALOHA
ALOHA [56] is a Python module which automatically com-
putes Helicity Amplitude Subroutines (Helas) [68] associated
with the interactions of a given model from its implementation
in the UFO format. These routines allow for a fast numerical
computation of squared matrix elements using helicity ampli-
tudes, with which the complexity of numerical computations
grows only linearly with the number of diagrams. This con-
trasts with trace techniques based on completeness relations
applied to squared amplitudes, where the complexity grows
quadratically with the number of diagrams. Support for spin-
3
2
particles requires the implementation of the external wave
functions [41], as well as additional internal objects such as the
spinorial representation and default propagators. In addition,
the ALOHA code has been made faster and more flexible, and
new features have been introduced to support for:
– a user-defined propagator [required for spin- 3
2
];
– including model parameters in the analytical expressions
of the helicity routines [required for spin- 3
2
];
– conjugate routines [69] with different incoming and outgo-
ing spins [required for spin- 3
2
];
– division operation in the analytical expressions of the he-
licity routines;
– mathematical functions (exponential, logarithm, etc.) that
have a single (scalar) argument.
Furthermore, the ALOHA outputs, i.e. the helicity rou-
tines, are better optimized. Firstly, all scalar invariants are
identified and computed only once. Secondly, the final expres-
sions are written in a way minimizing the number of computing
2 This assumes that, at the beginning of the file, the line
“import propagators” is present.
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operations required by the code. These optimizations allow for
a gain of a factor of two in speed, compared to the previous
version of the package.
The new ALOHA code has been extensively tested. First,
results have been compared to the previous version of the code
for large classes of models such as the Standard Model, the
Minimal Supersymmetric Standard Model, Randall-Sundrum
extra-dimensional models, effective theories with dimension-
six operators, etc. In each of these models, more than 6000
processes have been considered and checked. Additionally, we
have compared the results obtained with ALOHA to known
analytical formulas for the most complex cases, such as for ef-
fective vertices associated with loop-induced interactions (e.g.,
the Hgg coupling).
3.4 MadGraph 5
The Monte Carlo package MadGraph 5 [31] is a suite of pro-
grams related to matrix element studies [28,30,70–73]. Its most
commonly used tools allow for generating the Feynman dia-
grams associated with a specific scattering process, computing
the related matrix element and cross section in a very efficient
way and eventually generating events both at the leading or-
der [31] and next-to-leading order [74] in perturbation theory.
In this framework, the task left to the user consists mainly of
specifying:
– the particle physics model under consideration, which can
be either renormalizable or not, without any restriction on
the dimensionality of the included operators;
– the process under consideration in terms of initial and final
state particles;
– the collision basic setup which includes information such
as the energy or the nature of the colliding beams;
– a set of kinematical selection criteria on the final state par-
ticles to be produced.
The program has been designed to be extremely flexible
and generic with respect to the physics model under consid-
eration. To this aim, it relies both on the UFO for its model
format and on the ALOHA package. The latter allows to gen-
erate all helicity routines [68] necessary for the evaluation of the
amplitude associated with the considered process. We benefit
from this flexibility and only modify the program in a minimal
way in order to implement spin- 3
2
support. More into details,
two minor modifications of the code have been required. First,
MadGraph 5 has been upgraded to be capable to deal with ar-
bitrary propagators (see Section 3.2). Next, information on the
number of degrees of freedom associated with a spin- 3
2
particle
is now included in MadGraph 5.
The FeynRules interface converting a model into a UFO
library and the use of the latter within the MadGraph 5
framework have been widely tested and validated in the con-
text of several physics applications in Section 4.
3.5 CalcHEP
CalcHEP [23,26] is a software package which is designed for
effective evaluation and simulation of high-energy physics col-
lider processes. The main features of CalcHEP are the com-
putation of Feynman diagrams, integration over multi-particle
phase space and event simulation at parton level. The principle
attractive key-points along these lines are that it has:
– an easy startup even for those who are not familiar with
CalcHEP;
– a friendly and convenient graphical user interface (GUI);
– the option for a user to easily modify a model or intro-
duce a new model by either using the graphical interface
or by using an external package with the possibility of cross
checking the results in different gauge choices;
– a batch interface which allows to perform very complicated
and tedious calculations connecting production and decay
modes for processes with many particles in the final state.
With this features set, CalcHEP can efficiently perform cal-
culations with a high level of automation from a theory in the
form of a Lagrangian down to phenomenology in the form of
cross sections, parton level event simulation and various kine-
matical distributions.
CalcHEP was written to accept very general operators
since its creation. Including spin- 3
2
support mainly involved
the inclusion of the Rarita-Schwinger propagator3 and allow-
ing the CalcHEP vertex to include a Lorentz index for the
spin- 3
2
fermions [26]. CalcHEP calculates all its squared ma-
trix elements symbolically. At very low multiplicity, this allows
CalcHEP to maximally optimize the numerical code. At very
high multiplicity, the time and memory required to do this
optimization can however become prohibitive.
The interface between FeynRules and CalcHEP [48] was
updated to support spin- 3
2
particles as part of the current
project. The normalization and angular distributions computed
by CalcHEP were tested and found to agree with theories in
this paper (see Section 4).
4 Physics applications
4.1 Gravitino
The most popular candidate for a spin- 3
2
particle among new
physics scenarios might be the gravitino, the Majorana spin-
3
2
superpartner of a graviton in local supersymmetric exten-
sions to the Standard Model [3–11]. As briefly discussed in
Section 3.1, the gravitino becomes massive via the super-Higgs
mechanism by absorbing the massless spin- 1
2
goldstino. One
of the key features of the gravitino is its mass m3/2, which is
related to the scale of supersymmetry breaking MSUSY as well
as to the Planck scale MPl,
m3/2 ∼ (MSUSY)2/MPl . (13)
While the interactions of the gravitino/goldstino and the as-
sociated Helas subroutines [75] were introduced manually for
MadGraph 4 in Refs. [41,76] and tested carefully in further
phenomenological studies [77,78], now they can be automat-
ically generated using the FeynRules and Aloha packages
(see Section 3.1 and 3.3) for generic event generators.
In this section, as a non-trivial test for our implementation,
we study the two interesting physics applications: the high-
energy tree unitarity violation in gravitino pair-production and
the gravitino contribution to gluino pair-production.
3 The massive spin- 3
2
and spin-2 propagators in CalcHEP
have the form given in Appendix B.3. However, the propagator
formulas given in Sec. 8.6 of Ref. [26] must be divided by 3
and 6, respectively. These factors were incorrectly entered in
Ref. [26].
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(a) (b)
Fig. 1. The relevant diagrams contributing to the fastest en-
ergy growth in the gg → G˜G˜ process. They consist of an s-
channel graviton exchange diagram (a) and t, u-channel gluino
exchange diagrams (b).
4.1.1 Gravitino pair-production
Tree unitarity violation in the gravitino pair production pro-
cess gg → G˜G˜ has been studied by Bhattacharya and Roy in
Ref. [79]. In this section, we compare our numerical results with
their approximated analytic results. There are three diagrams
which contribute to the fastest energy growth in this pro-
cess, an s-channel graviton exchange diagram and t, u-channel
gluino exchange diagrams, as shown in Figure 14.
The relevant interaction Lagrangian is given by
L = − 1
2MPl
Ψµγ
νργµλag
a
νρ − 1
MPl
(Tµνg + T
µν
G˜
)Gµν , (14)
where Ψµ is the spin-
3
2
gravitino field, λa the gluino field, and
gaµν the field strength tensor for a gluon g
a
µ. We also recall that
our conventions on the generators of the Lorentz algebra in the
spinorial representation γµν are defined in Appendix A. More-
over, MPl ≡ MPl/
√
8pi ∼ 2.4× 1018 GeV denotes the reduced
Planck mass. The first term in the Lagrangian of Eq. (14) has
been extracted from the complete set of gravitino interactions
as described in Section 3.1, whereas its second term describes
the interactions of a spin-2 graviton Gµν with gluons [80] and
gravitinos. It shows the well-known feature that a spin-2 gravi-
ton couples to other fields via their energy-momentum tensor,
Tµνg and T
µν
G˜
in the gluon and gravitino cases, respectively.
Those two last quantities are given by
Tµνg =
1
4
ηµνgρσa g
a
ρσ − ga,µρ gνρa
− 1
ξ
ηµν
{
gaρ ∂
ρ∂σga,σ +
1
2
(∂ρgaρ)(∂
σga,σ)
}
+
1
ξ
(ga,µ∂ν∂ρga,ρ + g
a,ν∂µ∂ρga,ρ) ,
Tµν
G˜
=
1
8
λρσµΨλγ
5γν
←→
∂σΨρ + (µ↔ ν)
− i
8
λρσµ∂τ (Ψλγ
5{γσ, γντ}Ψρ) + (µ↔ ν)
− im3/2Ψλ(ηµνγλρ − ηρνγλµ − ηρµγλν)Ψρ ,
(15)
where the dependence on the gauge fixing parameter ξ in the
gluon energy-momentum tensor has been kept explicit although
we adopt Feynman gauge, i.e., ξ = 1, in the rest of this sec-
tion. Moreover, the operator
←→
∂σ stands for the usual Hermitian
4 There are also s-channel sgoldstino (the scalar superpart-
ner of the goldstino) exchange diagrams, which give rise to the
next-to-fastest energy growth.
derivative operator,
Ψλ · · ·←→∂ σΨρ = Ψλ · · · ∂σΨρ −
(
∂σΨλ
) · · ·Ψρ . (16)
To validate our gravitino implementation, we compute ex-
plicitly the helicity amplitudesMλ1λ2,λ3λ4 associated with the
process
g(p1, λ1) + g(p2, λ2)→ G˜(p3, λ3) + G˜(p4, λ4) . (17)
They are presented in Appendix C. We then select a particular
helicity combination and choose to investigate the properties
of the M1,−1, 1
2
,− 1
2
amplitude, as it gives rise to the leading
energy growth with the partonic center-of-mass (CM) energy√
s. Expanding the s-, t- and u-channel contributions to the
considered amplitudes in terms of the gravitino mass, one gets
Ms = − s
12M
2
Pl
(1 + cθ)sθ
[ s
m23/2
+ 4
]
+O(m23/2) ,
Mt = s
6M
2
Plxt
s3θ +O(m23/2) ,
Mu = s
24M
2
Plxu
(1 + cθ)
2sθ
[ s
m23/2
+ 1 +
1
xu
(1 + cθ)
]
+O(m23/2) ,
(18)
following the notations of Appendix C, and where sθ and cθ
stand for the sine and cosine of the scattering angle θ defined
as the angle between the p1 and p3 directions in the partonic
center-of-mass frame. We also introduce the reduced variables
xt,u =
m2g˜
s
+ 1
2
(1∓ cθ). In the limit of large center-of-mass en-
ergies, or equivalently when mg˜/
√
s→ 0, the s2 energy growth
behavior of the s- and u-channel diagrams cancels,
M1,−1, 1
2
,− 1
2
→ − s
6M
2
Pl
sθ
[ m2g˜
m23/2
− 3
2
(1+cθ)
]
+O(m23/2) , (19)
whereas the linear s-dependence still remains [79].
One of the advantages of our implementation consists of
flexibility, i.e., one can vary parameters in the entire model pa-
rameter space and efficiently produce the related results. Fig-
ure 2 hence illustrates the energy dependence of the projected
partial wave amplitude,
J21,−1, 1
2
,− 1
2
=
1
32pi
∫ 1
−1
d cos θ d221(θ)M1,−1, 1
2
,− 1
2
, (20)
for different gluino masses. In this expression, we introduce the
J = 2 Wigner d-function d221(θ) (see Appendix B.5). The an-
alytic result of Eq. (19) (dashed line) is derived in the
√
s 
m3/2,mg˜ limit [79] and agree with our numerical predictions
calculated by MadGraph 5 in the high-energy region where
this approximation is valid5. In contrast, in the low-energy
regime, the sub-leading term to Eq. (19) in the m2g˜/s expan-
sion becomes relevant, and one observes the deviation of the
approximated analytical result from our numerical predictions.
Finally, partial wave unitarity requires∣∣J21,−1, 1
2
,− 1
2
∣∣ < 1
2
, (21)
which is shown by a gray line on the figure.
5 CalcHEP does not currently support massless spin-2 par-
ticles, so we were not able to compare either the symbolic or
numerical results with CalcHEP.
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−13 GeV
Fig. 2. Energy dependence of the projected partial wave am-
plitude
∣∣J2
1−1, 1
2
− 1
2
∣∣ defined in Eq. (20) for the gg → G˜G˜ process
and for different choices of the gluino mass. The solid lines are
calculated by MadGraph 5 and use the full amplitude. For
the mg˜ = 1000 GeV case, we also show the analytical results
in the
√
s m3/2,mg˜ limit of Ref. [79] (dashed) as well as the
s2 dependence resulting from the t- and u-channel diagram
contributions only (dotted).
We note that, in the
√
s m3/2 limit, goldstino-gravitino
equivalence allows us to replace the spin- 3
2
gravitino by the
spin- 1
2
goldstino (which we denote by χ), Ψµ ∼
√
2/3 ∂µχ/m3/2.
We have verified that we obtain results similar to those of Fig-
ure 2 in this case.
4.1.2 Gluino pair-production
We now turn to the analysis of the t, u-channel gravitino con-
tributions to gluino pair-production when the final state arises
from gluon scattering [81,82].
In Figure 3, we present the different contributions to the
total cross section for gluino pair-production pp → g˜g˜ at the
LHC, running at a center-of-mass energy of 8 TeV. In the upper
panel of the figure, we fix the squark masses to 1 TeV and
investigate the dependence of the cross section on the gravitino
mass, for several choices of the gluino mass. The solid lines refer
to the contribution from gluon scattering while the dashed lines
are related to the quark-antiquark one. The gravitino diagrams
contribute significantly only when the gravitino is very light
with respect to the gluino mass. In other words, when m3/2 .
6 · 10−14 GeV, 3 · 10−13 GeV, and 7 · 10−13 GeV for a gluino
of 500 GeV, 1000 GeV and 1500 GeV, respectively.
In the lower panel of Figure 3, we analyze the dependence
of the total cross section on the gluino mass for squark masses
of 1 TeV and various values of the gravitino mass. This illus-
trates the scaling of the cross section in 1/m43/2 in the parame-
ter space regions where gravitino diagrams dominate the cross
section.
4.2 Top-quark excitation
Among the large number of new physics theories, those con-
structed upon the idea of compositeness of the Standard Model
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100
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103
104
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qq (MadGraph 5)
gg (CalcHEP)
qq (CalcHEP)
σ (pp → g~g~) [pb]
√s = 8 TeV
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σ (pp → g~g~) [pb]
√s = 8 TeV
mq~ = 1 TeV
m
3/2  = 5 × 10 -14 GeV
m
3/2  = 1 × 10 -13 GeV
m
3/2  = 2 × 10 -13 GeVm
3/2  = 1 × 10 -12 GeV
Fig. 3. Total cross sections for gluino pair-production at the
LHC, running at a center-of-mass energy of 8 TeV, presented
as a function of the gravitino mass (upper panel) and of the
gluino mass (lower panel). Squark masses are fixed to 1 TeV.
quarks and leptons usually predict the existence of both spin-
1
2
and spin- 3
2
states [12–22]. Since the top quark, by its large
mass, is expected to play an important role in many new
physics models, we only focus, in the following, on the de-
scription of an excited spin- 3
2
top sector.
The dynamics of such a top quark excitation, represented
by a four-component Rarita-Schwinger field Ψµ of mass M , is
described by supplementing to the Standard Model Lagrangian
LSM the gauge-covariant version of the Lagrangian of Eq. (109),
L = LSM + µνρσΨ¯µγ5γσDνΨρ + 2iMΨ¯µγµνΨν , (22)
the spacetime derivative having been replaced by the gauge
covariant derivative
DµΨν = ∂µΨν − igsTaΨνgaµ . (23)
In this expression, we introduce the QCD coupling constant
(gs) and the fundamental representation matrices of SU(3)
(Ta). We also denote the gluon field by g
a
µ, as in Section 4.1.
Mixing of the spin- 3
2
top excitation in general occurs through
dimension-five operators suppressed by a new physics energy
scale Λ. Although there are several ways to describe such a mix-
ing, we assume it, for the sake of the example, agnostic of the
left-handedness or right-handedness of the spin- 1
2
top quark t
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Fig. 4. Total cross section for the production of an excited top
quark pair at the LHC, for a center-of-mass energy of 7 TeV
(red crosses and green circles) and 8 TeV (blue crosses and red
circles), as a function of the excited top mass Mt∗ . We com-
pare predictions obtained by means of MadGraph 5 (crosses)
and CalcHep (circles) to the analytical formulas presented in
Ref. [21] (lines).
and embed the relevant interactions within the Lagrangian
L5 = i gs
Λ
Ψ¯ρ
[
ηρµ + zγργµ
]
γνTat g
a
µν + h.c. , (24)
We leave, in the following, the off-shell parameter z free6.
4.2.1 Top-quark excitation pair-production
In order to validate our implementation in the simulation chain
mentioned in Section 3, we first focus on the pair production
of spin- 3
2
top excitations at the LHC, vetoing diagrams in-
volving a top quark. We compare in Figure 4 predictions de-
rived from the analytical formulas presented in Ref. [21] to
results obtained by means of the MadGraph 5 and CalcHep
event generators. The relevant model files have been produced
by implementing the Lagrangians of Eqs. (22) and (24) into
FeynRules and exporting the associated Feynman rules to a
UFO library to be used with MadGraph 5 and to a CalcHep
model. We consider the LHC collider running at a center-of-
mass energy of 7 TeV and 8 TeV and convolve the associ-
ated squared matrix element with the leading order fit of the
CTEQ6 parton densities [83] after setting both unphysical fac-
torization and renormalization scales to the mass of the top
excitation Mt∗ . All calculations fully agree, and the usual be-
havior of a cross section smoothly falling with an increasing
top- 3
2
mass is observed. From these results, it is found that
spin- 3
2
excitations of the top quark with masses Mt∗ . 1 TeV
could have been copiously pair-produced at both past LHC
runs. Additionally, we have compared the symbolic calcula-
tions performed by CalcHEP to the explicit analytic formulas
given in Ref. [21] and found perfect agreement.
4.2.2 Top-quark pair-production
Next, mixing effects of spin- 1
2
and spin- 3
2
top states are inves-
tigated in the framework of the production of a (spin- 1
2
) top-
antitop quark pair at the LHC, running at a center-of-mass
6 This parameter gets its name as it only affects processes
with an off-shell spin- 3
2
field.
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Fig. 5. Invariant-mass spectrum of a top-antitop pair as would
be produced at the LHC, running at a center-of-mass energy
of 14 TeV, for an excited top mass of Mt∗ = 300 GeV (red
dashed-dotted line), 500 GeV (blue dashed line) and 800 GeV
(green dotted line) and in the context of the Standard Model
(plain purple line). The dashed lines were obtained from Mad-
Graph 5 while the circles, boxes and triangles were obtained
from CalcHEP.
energy of 14 TeV. In the presence of new physics as described
by the Lagrangians of Eqs. (22) and (24), two additional t-
channel and u-channel diagrams lead to the production of a
top-antitop final state via the exchange of a spin- 3
2
top part-
ner from a gluon-gluon initial state. Fixing first the off-shell
parameter to z = 0 and the new physics scale to Λ = 7Mt∗ ,
we study the variation of the differential cross section dσ/dMtt¯
with the mass of the spin- 3
2
excitation Mt∗ in Figure 5. Gen-
erating events with the MadGraph 5 program after fixing
both unphysical scales to the top mass Mt = 173 GeV, dif-
ferential distributions are then extracted with the MadAnal-
ysis 5 package [84] and compared to those generated using the
CalcHEP package and its internal histogramming routine. We
recover earlier results [20] and show excesses with respect to
the pure Standard Model case at large top-antitop invariant
masses. For the three scenarios with a respective excited top
mass of 300 GeV, 500 GeV and 800 GeV, respectively, new
physics effects appear once the effective scale Λ threshold is
crossed, i.e., where the theory becomes unreliable and unitar-
ity is violated. A proper treatment would require, e.g., the
introduction of form factors as in Ref. [15]. This however goes
beyond the scope of this work devoted to an illustration of
the implementation of spin- 3
2
fields in automated high-energy
physics tools.
In Figure 6, we fix the top-excitation mass to 300 GeV and
study the importance of the z parameter on the differential
distribution dσ/dMtt¯ at the LHC, still assumed to be running
at a center-of-mass energy of 14 TeV. Similarly to the findings
of earlier works [20], the off-shell parameter is found to largely
control the shape of the Mtt¯ distribution. For large positive
z-values, new physics effects appear to be important even far
below the effective scale Λ, in contrast to more popular choices
where z is taken vanishing or negative [13,15].
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Fig. 6. Invariant-mass spectrum of a top-antitop pair as would
be produced at the LHC, running at a center-of-mass energy
of 14 TeV, for an excited top mass of Mt∗ = 300 GeV and an
off-shell parameter fixed to z = 0 (gray large dashed-dotted
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and z = 1 (red small dashed-dotted line). The results are con-
fronted to the Standard Model predictions (plain purple line).
4.3 Angular distributions for a spin-32 particle
In this section, we study a particular case of spin- 3
2
colored
resonances that can be thought of as excited quarks. We ex-
ploit our implementation to test spin correlation effects possi-
bly due to such resonances. In the rest of this section, we use
the notation u∗µ for Rarita-Schwinger fields describing excited
spin- 3
2
quarks with the same internal quantum numbers as the
up quark, and d∗µ for Rarita-Schwinger fields with the same
quantum numbers as the down quark. If these resonances ex-
isted, they could be produced in a proton-proton collider when
one quark and one gluon scatter. The simplest gauge-invariant
operator that can describe such a process is
Lprod = gs
Λ
gaµνqγ
µ(k−PL + k+PR)Taq
∗ν + h.c. . (25)
In this expression, the excited and usual quark fields are de-
noted by q∗ = (u∗, d∗) and q = (u, d), PL and PR are chirality
projectors acting on spin space, Λ is a cut-off scale and the
interaction strengths are described by the k± parameters. We
recall that the objects related to strong interactions have been
introduced in the two previous subsections. We assume now
that the resonances decay into a quark and either a photon or
a Z boson. After electroweak symmetry breaking, the simplest
Lagrangian describing these decays reads
Ldecay = e
Λ
Fµνq(kγ−PL + kγ+PR)γ
µq∗ν + h.c.
+
g
cos θW
Zµq(kZ−PL + kZ+PR)q
∗µ + h.c. ,
(26)
where we denote the photon field strength tensor by Fµν and
model the couplings by the parameters kγ± and kZ±. In order
to study the angular distribution in the decay products caused
by these resonances, we calculate analytically the correspond-
ing differential cross sections. For the process gq → q∗ → γq,
we find
dσ
dΩ
∝ (|k+|2|kγ+|2 + |k−|2|kγ−|2) ∣∣∣∣d 323
2
3
2
(θ)
∣∣∣∣2
+
(|k−|2|kγ+|2 + |k+|2|kγ−|2) ∣∣∣∣d 323
2
− 3
2
(θ)
∣∣∣∣2 ,
(27)
m m′ d
3
2
mm′(θ)
1
2
1
2
1
2
(3 cos θ − 1) cos θ
2
3
2
1
2
−
√
3
2
(cos θ + 1) sin θ
2
3
2
3
2
1
2
(cos θ + 1) cos θ
2
Table 1. Wigner d-functions used in this paper. The expres-
sions that are not listed are related to the ones shown in the
table by means of Eq. (119).
while for the process gq → q∗ → Zq, we have
dσ
dΩ
∝ (|k+kZ+|2 + |k−kZ−|2) ∣∣∣∣d 323
2
1
2
(θ)
∣∣∣∣2
+
(|k+kZ−|2 + |k−kZ+|2) ∣∣∣∣d 323
2
− 1
2
(θ)
∣∣∣∣2
+O
(
m2Z
m2
)
.
(28)
For these expressions, we have assumed that the energy in the
center-of-mass frame equals the mass of the resonance m. That
is, the spin- 3
2
particle is on-shell. We see that expressing the
scattering amplitudes in terms of the Wigner d-functions makes
the angular dependence of our results more transparent. We
have reviewed the Wigner d-functions in Appendix B.5 and
give the relevant spin- 3
2
Wigner d-functions in Table 1.
We have implemented this new spin- 3
2
particle along with
the Lagrangian of Eq. (25) and Eq. (26) into FeynRules
and exported the model to CalcHEP and MadGraph 5 us-
ing the interfaces described in the previous section. We have
then generated events for the processes gq → q∗ → γq and
gq → q∗ → Zq for three different choices of couplings and
show the resulting distributions in the three panels of Figure 7.
The solid black curves correspond to the analytical computa-
tions of Eq. (27) and Eq. (28), while the red dashed and blue
dotted predictions have been numerically obtained by using
CalcHEP and MadGraph 5, respectively. In all cases, the
results match perfectly, illustrating the on-shell propagation of
a spin- 3
2
particle. For this study, we used a new physics mass
of 1 TeV and width of 1 GeV for the sake of the example, such
a small relative width making the off-shell effects negligible.
5 Summary
In this paper, we have reported the implementation of support
for spin- 3
2
fields in the high-energy physics programs ALO-
HA, CalcHEP, FeynRules and MadGraph 5, including the
definition of the conventions for those fields in the UFO format.
We have used the chain of packages above-mentioned for
several physics applications. First, we have implemented the
gravitino of supergravity together with its interactions in Feyn-
Rules and analyzed both gravitino pair-production and grav-
itino contributions to gluino pair-production at the LHC us-
ing MadGraph 5. Our numerical results have been compared
to known analytic expressions that can be found in the liter-
ature and perfect agreement has been found. Next, we have
implemented a spin- 3
2
top-quark excitation into FeynRules
and studied its pair production using both MadGraph 5 and
CalcHEP. On the one hand, we have compared the resulting
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Fig. 7. Angular distributions for three different choices of cou-
plings. We show analytical results obtained from Eq. (27) and
Eq. (28) (solid black) and numerical predictions of CalcHEP
(dashed red) and MadGraph 5 (blue dotted).
symbolic calculation of CalcHEP with previous analytic cal-
culations. On the other hand, the numerical results obtained
from both MadGraph 5 and CalcHEP have been confronted
to the literature and we have studied the effects implied by
the existence of a top spin- 3
2
excitation on top-quark pair pro-
duction. In all cases, we have found again a perfect agreement.
Finally, we have implemented an effective operator for spin- 3
2
colored resonances in FeynRules, analyzed the angular distri-
butions in their s-channel production mechanism in both Mad-
Graph 5 and CalcHEP and compared with analytic calcula-
tions involving the Wigner d-functions. Once again, the results
have been found to match perfectly.
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A Conventions
In this Appendix, we collect the conventions adopted in this
manuscript. The metric is given by
ηµν = diag(1,−1,−1,−1) , (29)
and the fully antisymmetric tensor of rank four is defined by
0123 = 1. The four-vectors built upon the Pauli matrices are
given by their usual form,
σµ =
(
1, σi
)
and σ¯µ =
(
1,−σi) , (30)
where the Pauli matrices σi with i = 1, 2, 3 read
σ1 =
(
0 1
1 0
)
, σ2 =
(
0 −i
i 0
)
, σ3 =
(
1 0
0 −1
)
. (31)
This allows to write the generators of the Lorentz algebra in
the (two-component) left-handed and right-handed spinorial
representations as
σµν =
i
4
(
σµσ¯ν−σν σ¯µ
)
and σ¯µν =
i
4
(
σ¯µσν−σ¯νσµ
)
, (32)
respectively.
Moving to four-component spinors, Dirac matrices are de-
fined in the Weyl representation by
γµ =
(
0 σµ
σ¯µ 0
)
, (33)
and span the Clifford algebra{
γµ, γν
}
= 2ηµν . (34)
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Additionally, the fifth Dirac matrix γ5 is given by
γ5 = iγ
0γ1γ2γ3 =
(−1 0
0 1
)
. (35)
The γ-matrices allow to build the generators of the Lorentz
algebra in the four-component spinorial representation,
γµν =
i
4
(
γµγν − γνγµ
)
, (36)
as well as the quantity γµνρ which may appear in some specific
forms of the Rarita-Schwinger Lagrangian used in the litera-
ture,
γµνρ =
1
6
[
γµγνγρ + γνγργµ + γργµγν
− γνγµγρ − γµγργν − γργνγµ
]
.
(37)
The γµν and γµνρ objects obey the important relations,
µνρσγ5γσ = −iγµνρ and µνρσγµνγ5 = 2iγρσ , (38)
helpful to prove the equivalence between all the spin- 3
2
La-
grangian forms employed up to now.
B Review of spin
In this appendix, we follow the approach of Weinberg to build
up the properties of a spin- 3
2
particle [85]. The spin of a par-
ticle determines its polarization vectors, the latter determin-
ing its propagation on-shell. Off-shell, the propagator can have
further dependence which vanishes on-shell. Moreover, the on-
shell propagator is related to the on-shell quadratic part of
the Lagrangian whereas the off-shell pieces of the propagator
match the model-dependent off-shell quadratic terms of the
Lagrangian. We begin with a discussion on spin.
Both the vacuum and the dynamics of quantum field theory
are symmetric under the Lorentz group, whose algebra so(3, 1)
is isomorphic to sl(2,R) ⊕ sl(2,R), the representations of the
two sl(2,R) denoting the left-handed and right-handed chiral
algebras. However, the four-momentum of the particles are fur-
ther invariant under a subalgebra, called the little algebra. For
a massive particle, this is easiest to see in the rest frame where
its momentum is pµ = (M, 0, 0, 0). Any Lorentz transformation
that is a pure rotation in space leaves invariant a massive par-
ticle at rest. As a result, the little algebra for a massive particle
is so(3), the algebra of spatial rotations, which is isomorphic
to su(2), and each massive particle is classified according to its
transformation properties under this little algebra or, in other
words, according to its “spin”. This little algebra is the diag-
onal subalgebra of the left and right chiral Lorentz algebras,
sl(2,R) and sl(2,R). As a result, if a field transforms under
the (a, b) representation of the Lorentz algebra, it has a spin
between a+ b and |a− b|.
As is well known, a scalar field transforms as (0, 0) under
the Lorentz algebra and is, therefore, a spin-0 field. Ordinary
matter fermions transform as either ( 1
2
, 0) or (0, 1
2
) and are,
therefore, spin- 1
2
particle. Vector fields transform as ( 1
2
, 1
2
) and
contain both a spin-1 and a spin-0 piece. On-shell, the spin-0
field is removed by ∂µV
µ = 0. Rarita-Schwinger fields Ψµ are
formed as a direct product of ( 1
2
, 0) or (0, 1
2
) and ( 1
2
, 1
2
). Under
the Lorentz symmetry, this contains
– (0, 1
2
) or ( 1
2
, 0) parts which are spin- 1
2
fields and are re-
moved by the on-shell equation γµΨ
µ = 0;
– (1, 1
2
) or ( 1
2
, 1) parts which contain both the spin- 3
2
field
that we are after and another spin- 1
2
field which is removed
by the on-shell equation ∂µΨ
µ = 0.
Higher spin states are formed in a similar way.
In the rest of this appendix, we review the spin algebra
su(2) (Section B.1), the polarization vectors (Section B.2),
the propagators (Section B.3), the quadratic Lagrangian terms
(Section B.4), and finally the Wigner d-functions (Section B.5).
Further, for the rest of this Appendix, we consider particles
which are not self-charge-conjugate. The special case when par-
ticles are self-conjugate can be recovered from our results by
replacing antiparticle states by charge conjugates of the parti-
cle states.
B.1 Spin: so(3) ∼ su(2)
We begin by reviewing what it means to be a representation
of the su(2) spin algebra. By definition, in this algebra there
are three generators that satisfy the commutator rule
[Ji, Jj ] = iijkJk . (39)
Two of these generators can be combined to form the rais-
ing/lowering operators,
J± = J1 ± iJ2 , (40)
which fulfill the commutator rules
[J+, J−] = 2J3 and [J3, J±] = ±J± . (41)
These can easily be checked by means of Eq. (39). With these
definitions, it is easy to show that the effects of the raising/lo-
wering operators on a state of spin j represented by |j, σ〉 is to
increase/decrease the eigenvalue of J3 denoted by σ,
J3J±|j, σ〉 = (σ ± 1)J±|j, σ〉 . (42)
A couple of general remarks are in order before we consider
specific spin. Given the above definitions, we can easily see that
the set of generators given by flipping the signs of all the gener-
ators and by switching J+ with J− also forms a representation
of the same algebra. We will show this by defining
J¯3 = −J3 and J¯± = −J∓ . (43)
With these, we easily obtain[
J¯+, J¯−
]
= 2J¯3 and
[
J¯3, J¯±
]
= ±J¯± . (44)
This representation is called the complex representation and
is very important in what follows. It finds its name due to the
property[−J∗i ,−J∗j ] = iijk (−J∗k ) . (45)
Since we are taking our states as eigenvectors of J3, this repre-
sentation is diagonal and real (the eigenvalues of a Hermitian
operator are real), so that J¯3 = −J∗3 = −J3. Further, in this
basis, J1 is real and symmetric while J2 is imaginary and an-
tisymmetric, so J¯1 = −J∗1 = −J1 and J¯2 = −J∗2 = J2. As a
result, J¯± = (−J∗1 )± i (−J∗2 ) = − (J1 ∓ iJ2) = −J∓.
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Moreover, these raising/lowering operators can always be
shifted by a phase and still satisfy the algebra. For example, if
we define
J ′± = e
±iφJ± , (46)
it is easy to show that[
J ′+, J
′
−
]
= 2J3 and
[
J3, J
′
±
]
= ±J ′± . (47)
So that the set J3 with J
′
± also forms a representation of su(2).
This will be important for understanding the Helas conven-
tions for the spin- 1
2
polarization vectors.
For the rest of this section, we consider the particle or
antiparticle to have a mass M and a four-momentum
pµ = (E, |p| sin θ cosφ, |p| sin θ sinφ, |p| cos θ) (48)
B.2 Polarization vectors
The polarization vectors for a particle u and its antiparticle
v are determined by the spin of the particle. They transform
under the spin representation of the particle and antiparticle,
respectively, which is to say, the particle’s spin transforms ac-
cording to J while the antiparticle’s spin transforms according
to −J∗. On the other hand, they both transform according to
the same representation of the Lorentz algebra whose genera-
tors are J . For the rest of this discussion, we will take J3 to
measure the component of spin along the direction of motion.
In other words, we will take J3 to be the helicity operator.
J1 and J2 will be defined appropriately, with the direction 1
and 2 orthogonal to direction 3 and each other and satisfying
Eq. (39).
As we mentioned, the spin algebra is a subalgebra of the
Lorentz algebra. So, each spin transformation corresponds with
a Lorentz transformation. For particles, we can write this as7
Jj3u`(j, σ) = J (3)`,`′u`′(j, σ) = σu`(j, σ) ,
Jj±u`(j, σ) = J (±)`,`′ u`′(j, σ)
=
√
(j ∓ σ)(j ± σ + 1)u`(j, σ ± 1) ,
(49)
where ` and `′ are the field indices under the Lorentz trans-
formations and `′ is summed over. Furthermore, we have as-
sumed a trivial phase for the raising and lowering operators.
Other phase choices are discussed later. Antiparticles trans-
form according to the same representation of the Lorentz alge-
bra and, so, we use the same J operators. However, their spin
transforms under the conjugate representation. As a result, the
Lorentz transformations that were used for particles have the
following effect on antiparticles,
−J¯j3v`(j, σ) = J (3)`,`′v`′(j, σ) = −σv`(j, σ) ,
−J¯j∓v`(j, σ) = J (±)`,`′ v`′(j, σ)
= −
√
(j ± σ)(j ∓ σ + 1)v`(j, σ ∓ 1) .
(50)
For the rest of this subsection, we review the polarization
vectors for spin- 1
2
, spin-1, spin- 3
2
, and spin-2 fields. We use
the Helas convention for the spin- 1
2
and spin-1 polarization
vectors and show that they satisfy the spin algebra and derive
any relevant phases in the raising and lowering operators. We
then construct the spin- 3
2
and spin-2 polarization vectors from
these.
7 From now on, we explicitly indicate the spin quantum num-
ber j as an upper index of the J3 operator, i.e., J
j
3 .
B.2.1 Spin- 12 fields
According to the Helas conventions, the spin- 1
2
polarization
vectors are given by
u+1/2(p) =

√
E − |p|
(
cos θ
2
sin θ
2
eiφ
)
√
E + |p|
(
cos θ
2
sin θ
2
eiφ
)
 ,
u−1/2(p) =

√
E + |p|
(− sin θ
2
e−iφ
cos θ
2
)
√
E − |p|
(− sin θ
2
e−iφ
cos θ
2
)
 ,
v+1/2(p) =
−
√
E + |p|
(− sin θ
2
e−iφ
cos θ
2
)
√
E − |p|
(− sin θ
2
e−iφ
cos θ
2
)
 ,
v−1/2(p) =

√
E − |p|
(
cos θ
2
sin θ
2
eiφ
)
−√E + |p|( cos θ2
sin θ
2
eiφ
)
 .
(51)
We begin with the spin- 1
2
form of the rotation and boost
generators
Ji = 1
2
(
σi 0
0 σi
)
and Ki = − i
2
(
σi 0
0 −σi
)
, (52)
where σi denotes the Pauli matrices, and then combine J1 and
J2 to form the ladder operators
J± = J1 ± iJ2 = 1
2
(
σ1 ± iσ2 0
0 σ1 ± iσ2
)
. (53)
We then rotate and boost from the particle rest frame to the
laboratory frame of reference by employing the operator
Λ 1
2
= (54)
e−
η
2
−iφ
2 c θ
2
−e η2−iφ2 s θ
2
0 0
e−
η
2
+iφ
2 s θ
2
e
η
2
+iφ
2 c θ
2
0 0
0 0 e
η
2
−iφ
2 c θ
2
−e− η2−iφ2 s θ
2
0 0 e
η
2
+iφ
2 s θ
2
e−
η
2
+iφ
2 c θ
2
 .
In this expression, we have introduced the sine and cosine of
half the polar angle cθ/2 = cos(θ/2) and sθ/2 = sin(θ/2) as
well as the pseudorapidity
η =
1
2
ln
(
E + |p|
E − |p|
)
. (55)
At the operator level, we hence get
J (3) = Λ 1
2
JzΛ−11
2
=
(
B 0
0 B
)
,
J (±) = Λ 1
2
J±Λ−11
2
=
(
e∓ηA± 0
0 e±ηA±
)
,
(56)
with
A± =
( − 1
2
sin θ ± 1
2
(1± cos θ) e−iφ
∓ 1
2
(1∓ cos θ) eiφ 1
2
sin θ
)
,
B =
(
1
2
cos θ 1
2
sin θe−iφ
1
2
sin θeiφ − 1
2
cos θ
)
.
(57)
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It can easily be shown that these operators satisfy the commu-
tation properties of su(2),[
J (+),J (−)
]
= 2J (3) and
[
J (3),J (±)
]
= ±J (±) . (58)
They correspond with the helicity operator, raising operator
and lowering operator in spin space for particles. We can ex-
plicitly check that they have the following effect on the particle
polarization vectors of Eq. (51),
J
1/2
3 u±1/2(p) = J (3)u±1/2(p) = ±
1
2
u±1/2(p) ,
J
1/2
− u1/2(p) = J (−)u1/2(p) = eiφu−1/2(p) ,
J
1/2
− u−1/2(p) = J (−)u−1/2(p) = 0 ,
J
1/2
+ u−1/2(p) = J (+)u−1/2(p) = e−iφu1/2(p) ,
J
1/2
+ u1/2(p) = J (+)u1/2(p) = 0 .
(59)
From this, we learn that there is an extra phase associated with
the ladder operators in the Helas conventions for spin- 1
2
,
J
1/2
± uσ(p) = e
∓iφ
√(
1
2
∓ σ
)(
1
2
± σ + 1
)
uσ±1(p) . (60)
Since the generators formed in this way still form a representa-
tion of the spin algebra, this phase could have been absorbed
into the definition of the polarization vectors.
For antiparticles, we find
J¯
1/2
3 v±1/2(p) = − J (3)v±1/2(p) = ±
1
2
v±1/2(p) ,
J¯
1/2
− v1/2(p) = − J (+)v1/2(p) = e−iφv−1/2(p) ,
J¯
1/2
− v−1/2(p) = − J (+)v−1/2(p) = 0 ,
J¯
1/2
+ v−1/2(p) = − J (−)v−1/2(p) = eiφv1/2(p) ,
J¯
1/2
+ v1/2(p) = − J (−)v1/2(p) = 0 ,
(61)
and as a result,
J¯
1/2
± vσ(p) = e
±iφ
√(
1
2
∓ σ
)(
1
2
± σ + 1
)
vσ±1(p) . (62)
B.2.2 Spin-1 fields
The polarization vectors associated with a spin-1 particle are
given, following the Helas conventions, by
µ+(p) =
1√
2

0
− cos θ cosφ+ i sinφ
− cos θ sinφ− i cosφ
sin θ
 ,
µ0 (p) =
1
M

|p|
E sin θ cosφ
E sin θ sinφ
E cos θ
 ,
µ−(p) =
1√
2

0
cos θ cosφ+ i sinφ
cos θ sinφ− i cosφ
− sin θ
 ,
(63)
whereas those associated with a spin-1 antiparticle read
¯µ+(p) = 
µ∗
+ (p) ,
¯µ0 (p) = 
µ∗
0 (p) ,
¯µ−(p) = 
µ∗
− (p) .
(64)
In the vectorial representation, the spatial pieces of the
rotation generators are given by
(Ji)jk = iijk , (65)
where ijk = 1 and i, j, k = 1,2,3, while the time components
are zero. On the other hand, the spatial components of the
boost generators vanish while their time components are given
by
(Ki)0µ = iηiµ and (Ki)µ0 = −iδµi . (66)
As a result, in the rest frame, we have
J3 =

0 0 0 0
0 0 −i 0
0 i 0 0
0 0 0 0
 and J± =

0 0 0 0
0 0 0 ∓1
0 0 0 −i
0 ±1 i 0
 . (67)
To get these generators in the laboratory frame of reference,
we boost along the z-direction and rotate using
Λ1 =

1 0 0 0
0 cφ −sφ 0
0 sφ cφ 0
0 0 0 1


1 0 0 0
0 cθ 0 sθ
0 0 1 0
0 −sθ 0 cθ
 1M

E 0 0 p
0 1 0 0
0 0 1 0
p 0 0 E
 , (68)
where the sine and cosine of the azimuthal (polar) angle are
denoted by sφ (sθ) and cφ (cθ). One can now derive the rotation
generators
J (3) = Λ1J3Λ−11 =

0 0 0 0
0 0 −icθ isθsφ
0 icθ 0 −isθcφ
0 −isθsφ isθcφ 0
 ,
J (±) = Λ1J±Λ−11
=

0 p
M
C1± pMC2± ∓ psθM
p
M
C1± 0
iEsθ
M
− E
M
C3±
p
M
C2± − iEsθM 0 − EMC4±
∓ psθ
M
E
M
C3± EMC4± 0
 ,
(69)
where we have introduced the quantities
C1± = ± cos θ cosφ− i sinφ ,
C2± = ± cos θ sinφ+ i cosφ ,
C3± = − i cos θ sinφ± cosφ ,
C4± = i cos θ cosφ± sinφ .
(70)
The commutators of these generators satisfy the usual rela-
tions,[
J (+),J (−)
]
= 2J (3) and
[
J (3),J (±)
]
= ±J (±) . (71)
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Acting on the spin-1 polarization vectors, we get
J3
µ
±(p) =J (3)µνν±(p) = ±µ±(p) ,
J3
µ
±(p) =J (3)µνν0(p) = 0 ,
J−
µ
+(p) =J (−)µνν+(p) =
√
2µ0 (p) ,
J−
µ
0 (p) =J (−)µνν0(p) =
√
2µ−(p) ,
J−
µ
−(p) =J (−)µνν−(p) = 0 ,
J+
µ
−(p) =J (+)µνν−(p) =
√
2µ0 (p) ,
J+
µ
0 (p) =J (+)µνν0(p) =
√
2µ+(p) ,
J+
µ
+(p) =J (+)µνν+(p) = 0 ,
(72)
so that we observe that no additional phase is required and the
particle spin raising and lowering operators satisfy
J1±
µ
σ(p) =
√
(1∓ σ)(1± σ + 1) µσ±1(p) . (73)
For antiparticles, we find
J¯3
µ∗
± (p) =− J (3)µνν∗± (p) = ±µ∗± (p) ,
J¯3
µ∗
± (p) =− J (3)µνν∗0 (p) = 0 ,
J¯−
µ∗
+ (p) =− J (+)µνν∗+ (p) =
√
2µ∗0 (p) ,
J¯−
µ∗
0 (p) =− J (+)µνν∗0 (p) =
√
2µ∗− (p) ,
J¯−
µ∗
− (p) =− J (+)µνν∗− (p) = 0 ,
J¯+
µ∗
− (p) =− J (−)µνν∗− (p) =
√
2µ∗0 (p) ,
J¯+
µ∗
0 (p) =− J (−)µνν∗0 (p) =
√
2µ∗+ (p) ,
J¯+
µ∗
+ (p) =− J (−)µνν∗+ (p) = 0 ,
(74)
which again shows us there is no extra phase associated with
these polarization vectors. The raising and lowering operators
satisfy in this case
J¯1±
µ∗
σ (p) =
√
(1∓ σ)(1± σ + 1) µ∗σ±1(p) . (75)
B.2.3 Spin- 32 fields
The spin- 3
2
polarization vectors can be formed as a direct prod-
uct of the spin- 1
2
and spin-1 polarization vectors. The genera-
tors are then simply the sum of those of the spin- 1
2
and spin-1
representations,
J
3/2
3 = J
1/2
3 + J
1
3 and J
3/2
± = J
1/2
± + J
1
± . (76)
It is easily seen that these satisfy the su(2) algebra.
We begin with the highest weight of the spin- 3
2
represen-
tation which has helicity 3
2
and is given by the product of the
highest polarization of spin- 1
2
and spin-1
uµ3/2,3/2(p) = 
µ
+(p)u+1/2(p) . (77)
We then lower the J3-eigenvalue by using the J
3/2
− operator to
get the other states, J
1/2
− only acting on spin-
1
2
polarization
vectors and J1− on spin-1 polarization vectors. We now have
the choice of the overall phase for the raising and lowering
operators. We take the trivial choice with no additional phase,
J
3/2
± u
µ
3/2,σ(p) =
√(
3
2
∓ σ
)(
3
2
± σ + 1
)
uµ3/2,σ±1(p) . (78)
We now work out the first step explicitly,
J
3/2
− u
µ
3/2,3/2(p) =
√
3uµ3/2,1/2(p)
=
(
J1−
µ
+(p)
)
u+1/2(p) + 
µ
+
(
J
1/2
− u+1/2(p)
)
=
√
2µ0 (p)u+1/2(p) + e
iφµ+(p)u−1/2(p) ,
(79)
so that
uµ3/2,1/2(p) =
√
2
3
µ0 (p)u+1/2(p)+
1√
3
eiφµ+(p)u−1/2(p) . (80)
Following the same procedure for the other states gives
uµ3/2,−1/2(p) =
√
2
3
eiφµ0 (p)u−1/2(p)
+
1√
3
µ−(p)u+1/2(p) ,
uµ3/2,−3/2(p) = e
iφµ−(p)u−1/2(p) .
(81)
Antiparticle polarization vectors are derived in a similar
fashion using the conjugate lowering operators and starting
with the highest weight of the antiparticle polarization vector,
vµ3/2,3/2(p) = 
µ∗
+ (p)v+1/2(p) ,
vµ3/2,1/2(p) =
√
2
3
µ∗0 (p)v+1/2(p)
+
1√
3
e−iφµ∗+ (p)v−1/2(p) ,
vµ3/2,−1/2(p) =
√
2
3
e−iφµ∗0 (p)v−1/2(p)
+
1√
3
µ∗− (p)v+1/2(p) ,
vµ3/2,−3/2(p) = e
−iφµ∗− (p)v−1/2(p) ,
(82)
where we have again not included any extra phase in the raising
and lowering operators.
B.2.4 Spin-2 fields
Just as in the case of the spin- 3
2
fields, the spin-2 polariza-
tion vectors can be formed as the direct product of two spin-1
polarization vectors. The generators are hence the sum of the
spin-1 generators for each polarization vector,
J23 = J
1
3 + J
1
3 and J
2
± = J
1
± + J
1
± , (83)
where it is understood that the first generator only acts on the
first polarization vector and the second generator only acts
on the second polarization vector. It is easily seen that these
satisfy the su(2) algebra.
We begin with the highest weight of the spin-2 represen-
tation which has helicity 2 and is given by the product of the
highest polarization of the two spin-1 polarization vectors,
µν2,2(p) = 
µ
+(p)
ν
+(p) . (84)
We then lower the J3-eigenvalue by using the J
2
− operator to
get the other states. Again, we choose to not include an addi-
tional phase,
J2±
µν
2,σ(p) =
√
(2∓ σ) (2± σ + 1) µν2,σ±1(p) . (85)
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We now work out the first step explicitly,
J2−
µν
2,2(p) = 2
µν
2,1(p)
=
(
J1−
µ
+(p)
)
ν+(p) + 
µ
+
(
J1−
ν
+(p)
)
=
√
2µ0 (p)
ν
+(p) +
√
2µ+(p)
ν
0(p) ,
(86)
so that
µν2,1(p) =
1√
2
(
µ0 (p)
ν
+(p) + 
µ
+(p)
ν
0(p)
)
. (87)
Following the same procedure for the other states gives
µν2,0(p) =
1√
6
(
µ−(p)
ν
+(p) + 2
µ
0 (p)
ν
0(p)
+ µ+(p)
ν
−(p)
)
,
µν2,−1(p) =
1√
2
(
µ−(p)
ν
0(p) + 
µ
0 (p)
ν
−(p)
)
,
µν2,−2(p) = 
µ
−(p)
ν
−(p) .
(88)
Antiparticle polarization vectors are derived in a similar
fashion using the conjugate lowering operators and starting
with the highest weight of the antiparticle polarization vector,
which gives
¯µν2,σ(p) = 
µν∗
2,σ (p) . (89)
We have again not included any extra phase in the raising and
lowering operators.
B.3 Propagators
On-shell, a propagator is fully determined by the spin of the
particle. In particular, the numerator of the propagator is given
by the sum over the polarization vectors in the following way
lim
p2→M2
(p2 −M2 + i)∆j(p) =
∑
σ
uj,σ(p)u
∗
j,σ(p) , (90)
where ∆j(p) is the full propagator for a spin-j particle. Off-
shell, the propagator can be different as long as the difference
vanishes when evaluated on-shell. This difference is due to the
presence of lower spin components in the propagator which are
removed on-shell by the classical equations of motion for the
field. These extra components are determined by the associated
terms in the quadratic part of the Lagrangian, which is model-
dependent. In this section, we show that the on-shell relation
above holds in the spin- 1
2
, spin-1, spin- 3
2
, and spin-2 cases.
B.3.1 Spin- 12 fields
Using the polarization vectors given in Section B.2.1, we find
1/2∑
σ=−1/2
uσ(p)u¯σ(p) = (91)

M 0 E − |p| cos θ −e−iφ|p| sin θ
0 M −eiφ|p| sin θ E + |p| cos θ
E + |p| cos θ e−iφ|p| sin θ M 0
eiφ|p| sin θ E − |p| cos θ 0 M
 .
This is to be compared with the spin- 1
2
propagator, which is
exactly the same both on-shell and off-shell since there is no
possible spin lower by an integer that can contribute,
/p+M =
1/2∑
σ=−1/2
uσ(p)u¯σ(p) . (92)
So, the spin- 1
2
propagator is fixed entirely by its spin.
We have also checked that antiparticle polarization vectors
satisfy a similar relation,
/p−M =
1/2∑
σ=−1/2
vσ(p)v¯σ(p) . (93)
B.3.2 Spin-1 fields
Again, using the particle polarization vectors given in Sec-
tion B.2.2, we find
1∑
σ=−1
µσ
ν∗
σ =
1
M2

|p|2 · · ·
E|p| sin θ cosφ · · ·
E|p| sin θ sinφ · · ·
E|p| cos θ · · ·
 . (94)
The propagator numerator is given by
Πµν1 = −ηµν +
pµpν
M2
=
1
M2

E2 −M2 · · ·
E|p| sin θ cosφ · · ·
E|p| sin θ sinφ · · ·
E|p| cos θ · · ·
 . (95)
In these last two equations, we have omitted the matrix ele-
ments of the second, third and fourth column for brevity. We
have however checked that they all agree with each other on-
shell, so that
lim
p2→M2
(
−ηµν + p
µpν
M2
)
=
1∑
σ=−1
µσ
ν∗
σ . (96)
Similar results can be obtained starting from antiparticle po-
larization vectors.
In the off-shell case, we find that the propagator numera-
tor differs from the sum over the polarization vectors due to
the presence of spin-0 components controlled by the quadratic
part of the Lagrangian. It can be noted that for spin-1 fields,
unitarity also plays a role in fixing the propagator.
B.3.3 Spin- 32 fields
In this case, there are four sets of indices so that we omit to
display the entire results in this paper for brevity. However, we
have checked every element and find that
lim
p2→M2
ΠµνRS =
3/2∑
i=−3/2
uµ3/2,iu¯
ν
3/2,i , (97)
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where the numerator of the propagator reads
ΠµνRS =
[
− ηµν + p
µpν
M2
][
/p+M
]
− 1
3
[
γµ +
pµ
M
][
/p−M
][
γν +
pν
M
]
= −
[
/p+M
][
ηµν − 2
3
pµpν
M2
− 1
3
γµγν
− 1
3M
(
pνγµ − pµγν)] .
(98)
This is the propagator used by both CalcHEP and Mad-
Graph 5. We have also checked that the related antiparticle
relation
lim
p2→M2
ΠµνRSanti =
3/2∑
i=−3/2
vµ3/2,iv¯
ν
3/2,i , (99)
holds, where
ΠµνRSanti =
[
− ηµν + p
µpν
M2
][
/p−M
]
− 1
3
[
γµ − p
µ
M
][
/p+M
][
γν − p
ν
M
]
= −
[
/p−M
][
ηµν − 2
3
pµpν
M2
− 1
3
γµγν
+
1
3M
(
pνγµ − pµγν)] .
(100)
Many terms are different in the off-shell case due to the pres-
ence of spin- 1
2
components. These are model-dependent, as is
the exact form of the propagator. For example, another spin-
3
2
propagator that has been used in the literature [41] has its
numerator given by
Π˜µν =
(
/p+M
)[(
−ηµν + p
µpν
M2
)
+
1
3
(
ηµα − p
µpα
M2
)(
ηνβ − p
νpβ
M2
)
γαγβ
]
.
(101)
The difference between the numerators of the propagators of
Eq. (98) and Eq. (101) is
ΠµνRS−Π˜µν =
(p2−M2)
3M2
[
pµpν
M2
(/p+M)−(pµγν−pνγµ)
]
, (102)
which vanishes on-shell.
B.3.4 Spin-2 fields
For spin-2, one form of the propagator numerator is given by
Πµναβ2 =
1
2
Πµα1 Π
νβ
1 +
1
2
Πµβ1 Π
να
1 − 1
3
Πµν1 Π
αβ
1 , (103)
which is the propagator used by both CalcHEP and Mad-
Graph 5. Other forms differ in their off-shell effects. The re-
sulting tensor is much too long for every term to be included.
We have however checked every term and find exact agreement
with the sum of the polarization vectors as in
lim
p2→M2
Πµναβ2 =
2∑
σ=−2
µν2,σ
αβ∗
2,σ . (104)
B.4 Quadratic Lagrangian
In this subsection, we have followed the approach suggested by
Weinberg, noting that the spin determines the on-shell propa-
gator without any discussion of the Lagrangian. So, in this way,
we learn that the spin also fixes the on-shell quadratic terms of
the Lagrangian. The off-shell piece is model-dependent, as we
have mentioned with the propagator being the inverse of the
quadratic Lagrangian terms off-shell as well as on-shell.
In this section, we show that the quadratic Lagrangian
pieces correspond to the inverse of the propagator for spin- 1
2
,
spin-1, spin- 3
2
and spin-2 fields.
B.4.1 Spin- 12 fields
In this case, there is no ambiguity for either the propagator or
the quadratic Lagrangian which reads
L = ψ¯ (/p−M)ψ , (105)
for a spin- 1
2
fermionic field ψ. We can easily verify that this
operator is the inverse of the propagator, since
lim
→0
[
/p+M
p2 −M2 + i ×
(
/p−M
)]
= 1 . (106)
B.4.2 Spin-1 fields
Although, in general, the spin-1 Lagrangian is ambiguous, the
unitarity condition requires massive vector bosons to obtain
their mass from spontaneous symmetry breaking. Therefore,
the Lagrangian for a vector boson field Vµ is required to be
gauge invariant. After spontaneous symmetry breaking, the
quadratic piece is of the form
L = 1
2
V µ
((−p2 +M2) ηµν + pµpν)V ν , (107)
where we have inserted a factor of 1/2 since gauge bosons are
real fields. Multiplying this operator by the associated propa-
gator gives
lim
→0
[−ηµν + pµpν
M2
p2 −M2 + i
(
(−p2 +M2)ηνω + pνpω
)]
=δµω . (108)
This proves the original statement in the spin-1 case.
B.4.3 Spin- 32 fields
The Lagrangian describing the dynamics of a free spin- 3
2
field
Ψµ of mass M can be casted under several forms, all widely
used in the literature. The one associated with the equations
of motion presented in Eq. (1) read
L = µνρσΨ¯µγ5γσ∂νΨρ + 2iMΨ¯µγµνΨν , (109)
our conventions on the Dirac matrices and antisymmetric ten-
sors being collected in Appendix A. Equivalently, the original
form introduced by Rarita and Schwinger [57],
L = Ψ¯µ
(− i/∂ +M)Ψµ + iΨ¯µ(γµ∂ν + γν∂µ)Ψν
− iΨ¯µγµ /∂γνΨν −MΨ¯µγµγνΨν
≡ Ψ¯µΛµνΨν ,
(110)
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can be retrieved after employing the property of the Dirac ma-
trices of Eq. (38), together with the Clifford algebra relation of
Eq. (34). It can be easily checked, after making use of Eq. (34),
that the operator appearing in Eq. (110) is inverted by the
propagator of Eq. (98),
lim
→0
[
ΠµνRS
p2 −M2 + iΛνρ
]
= δµρ . (111)
B.4.4 Spin-2 fields
The standard Lagrangian for a massive graviton field hµν with
a mass M is obtained starting from the Fierz-Pauli Lagrangi-
an [86]. In this case, it is given by
L = 1
2
∂ρhµν∂
ρhµν − 1
2
∂ρh
µ
µ∂
ρhνν
+ ∂ρh
µ
µ∂νh
ρν − ∂ρhµν∂νhµρ
− M
2
2
(
hµνh
µν − hµµhνν
)
,
(112)
where the structure of the mass term follows the conventions
of the so-called Fierz-Pauli tuning [87] as usually employed to
prevent ghost contributions from being required. After inte-
grating the previous Lagrangian by parts, it can be rewritten
as
L = 1
2
hµνOµν,αβhαβ , (113)
where the operator Oµν,αβ is given by
Oµν,αβ=1
2
[
ηµαηνβ+ηµβηνα−2ηµνηαβ
][
p2−M2
]
+ pµpνηαβ + pαpβηµν − 1
2
pµpαηνβ
− 1
2
pµpβηνα − 1
2
pνpαηµβ − 1
2
pνpβηµα .
(114)
Under this form, it can be easily verified that this operator
is the inverse of the massive spin-two propagator defined in
Section B.3.4,
lim
→0
[
Πµναβ2
p2 −M2 + iOαβ,ρσ
]
=
1
2
[
δµρδ
ν
σ + δ
µ
σδ
ν
ρ
]
. (115)
B.5 Wigner d-functions
Since total angular momentum is conserved in any system,
if the angular momentum of the initial state is described by a
|j,m〉 state with m being along an initial direction, then so will
the final state. However, if we measure the final state along a
different direction, we need to calculate the corresponding wave
function overlap between the two directions under considera-
tion. We suppose that the final state is described by |j,m′, θ〉,
where m′ is the component of the angular momentum along
the final direction which makes an angle θ with respect to the
initial direction. The wavefunction overlap between these two
bases is given by the product
〈j,m′, θ|j,m〉 . (116)
These different bases are related by the rotation operator J ,
so that
|j,m′, θ〉 = e−iθJ⊥ |j,m′〉 , (117)
where J⊥ is the component of the rotation operator that is
perpendicular to the plane spanned by the initial direction and
the final direction. A rotation of angle θ hence rotates the
initial basis into the final basis. As a result, the wavefunction
overlap is given by
djm′m(θ) = 〈j,m′, θ|j,m〉 = 〈j,m′|eiθJ⊥ |j,m〉 . (118)
These functions of θ are called the Wigner d-functions. Since
they only depend on the conservation of angular momentum,
they can be calculated independently of the internal dynamics
defined by the Lagrangian. For an illustrative derivation of the
Wigner d-functions for j = 0, 1, we refer to the Appendix C of
Ref. [88]. The full set of Wigner d-functions for j ≤ 2 can be
found in the Particle Data Group review [89] and satisfy the
relations
djmm′(θ) = (−1)m−m
′
djm′m(θ)
= dj−m′,−m(θ)
= (−1)j−mdjm,−m′(pi − θ) .
(119)
Although the Wigner d-functions apply to any decay or
collision, they are often discussed in the context of a 2 → 2
process in the center-of-momentum frame. For this case, we
define the initial spin component direction to be along the di-
rection of motion of one of the initial particles. Since the other
initial particle has momentum equal in size but opposite in di-
rection, we find that the initial spin component is equal to the
difference of the initial helicities. We will define the final spin
component direction to be along the direction of motion of one
of the final state particles. As in the initial particle case, we
find that the final spin component is equal to the difference of
the helicities of the final states. Although the orbital angular
momentum can contribute to the total angular momentum j,
since it is perpendicular to the plane of the collision, it does
not contribute to the component of either the initial angular
momentum or the final angular momentum. So, if the total
angular momentum is j (after including orbital angular mo-
mentum), the initial difference of helicity is m, and the final
difference of helicity is m′, we find that the angular dependence
of the collision must be given by djm,m′(θ).
One consequence of the conservation of angular momentum
is that any scattering amplitude can be expanded in terms of
the Wigner d-functions (this is called a partial wave expan-
sion).
Mm′m =
∑
j
Mjm′md
j
m′m(θ) . (120)
This equation only determines which Wigner d-functions are
allowed for a certain scattering process, independent of the in-
ternal dynamics. However, on the other hand, the values of the
Mjmm′ are determined by a combination of the initial spins,
the final spins and the internal dynamics. For example, an
electron-positron collider can be polarized so that the contri-
bution to m = 1 is larger than the contribution to m = −1.
For another example, if we know that at any moment in the
scattering process, there is only one particle in the s-channel
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and it is on its mass shell, then we know that the total an-
gular momentum must equal the spin of that particle. Since
there is only one particle, it is at rest in the collision center-of-
momentum frame, so there is no orbital angular momentum at
that moment. This means that only the Mjm′m with j equal
to the spin of this particle are non-zero,
Mm′m = Mjm′mdjm′m(θ) . (121)
C Helicity amplitudes for gravitino
pair-produciton
In this Appendix, we present analytical expressions for the
helicity amplitudes Mλ1λ2,λ3λ4 associated with the process
g(p1, λ1) + g(p2, λ2)→ G˜(p3, λ3) + G˜(p4, λ4) , (122)
where the four-momentum (pi) and the helicity (λ1,2 = ±1
and λ3,4 = ± 32 ,± 12 ) are explicitly indicated. The helicity am-
plitudes can be expressed as a sum upon s-, t- and u-channel
contributions,
Mλ1λ2,λ3λ4 =Ms +Mt +Mu, (123)
with the helicity dependence of the right-hand side of the equa-
tion being understood for clarity. We derive, starting from the
Feynman rules extracted from the Lagrangians of Eq. (14),
iMs = − 1
M
2
Pl
1
s
µ(p1)ν(p2)
× Γµν,αβg Bαβ,γδ u¯ρ(p3)Γ γδ,ρσG˜ vσ(p4) ,
iMt = i
16M
2
Pl
1
tg˜
µ(p1)ν(p2)
× u¯ρ(p3)[/p1, γ
µ]γρ(/p3 − /p1 +mg˜)γ
σ[γν , /p2]vσ(p4) ,
iMu = i
16M
2
Pl
1
ug˜
µ(p1)ν(p2)
× u¯ρ(p3)[/p2, γ
ν ]γρ(/p1 − /p4 +mg˜)γ
σ[γµ, /p1]vσ(p4) ,
(124)
where the Mandelstam variables are defined by s = (p1 + p2)
2,
tg˜ = (p1 − p3)2 −m2g˜ and ug˜ = (p1 − p4)2 −m2g˜, mg˜ being the
gluino mass. The Lorentz structure of each amplitude has been
embedded into the functions
Bαβ,γδ =
1
2
(ηαγηβδ + ηαδηβγ − ηαβηγδ) ,
Γµν,αβg = (p1 · p2)Cαβ,µν +Dαβ,µν + Eαβ,µν ,
Γ γδ,ρσ
G˜
=
1
4
ρσλγγ5γδ(p3 − p4)λ + (γ ↔ δ)
+
i
8
ρσλγγ5{γλ, σδτ}(p3 + p4)τ + (γ ↔ δ)
− im3/2(ηργηδσ + ησγηδρ − ηγδηρσ) ,
(125)
with
Cαβ,µν = ηαµηβν + ηανηβµ − ηαβηµν ,
Dαβ,µν = pν1p
µ
2η
αβ
+ (pα1 p
β
2η
µν−pν1pβ2ηαµ−pβ1pµ2ηαν+(α↔ β)) ,
Eαβ,µν = ηαβ(pµ1p
ν
1 + p
µ
2p
ν
2 + p
µ
1p
ν
2)
− (pµ1pβ1ηνα + pν2pβ2ηµα + (α↔ β)) .
(126)
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